A spacetime is locally flat if and only if no geodesical deviation exists for congruences of all kinds of geodesics. However, while for causal geodesics the deviation can be measured observing the motion of (infinitesimal) falling bodies, it does not seem possible to evaluate the geodesical deviation of spacelike geodesic. So a physical problem may arise. To tackle this problem we analyze the interplay of local flatness and geodesic deviation measured for causal geodesics. We establish that a generic spacetime is (locally) flat if and only if there is no geodesic deviation for timelike geodesics or, equivalently, there is no geodesic deviation for null geodesics.
INTRODUCTION
The presence of tidal forces, i.e., geodesic deviation for causal geodesics, can be adopted to give a notion of gravitation valid in the general relativistic context, as the geodesic deviation is not affected by the equivalence principle and thus it cannot be canceled out by an appropriate choice of the reference frame. By direct inspection (see 2) , one sees that the absence of geodesic deviation referred to all type of geodesics is equivalent the fact that the Riemann tensor vanishes everywhere in a spacetime (M, g). The latter fact, in turn, is equivalent to the locally flatness of the spacetime, i.e., There is a open covering of M, {U i } i ∈ I , such that every subspacetime (U i , g U i ) is a portion of Minkowski spacetime. However, from a physical viewpoint, the geodesic deviation can easily be measured for causal geodesic, observing the stories of (infinitesimal) falling bodies, but it can hardly be measured for spacelike geodesics. Therefore the popular slogan "gravitation = curvature," that is "absence of gravitation ⇔ (local) flatness," seems to encounter an obstruction on the physical ground to be rigorously proved. This is not the case because we establish by Theorem 2.1 that, in a generic spacetime, the absence of geodesic deviation for timelike geodesics -or, equivalently, for null geodesics -is equivalent to the local flatness.
BASIC DEFINITIONS AND KNOWN RESULTS
If ∇ is a C 1 affine connection (1, 3) on a C 2 manifold M, the curvature tensor (field) is the tensor field defined, point by point, as the unique multi-linear operator R p :
for every p ∈ M and for every triple of C 2 vector fields X, Y, Z. It fulfills the following algebraic properties (5), valid for every p ∈ M and all X p , Y p , Z p ∈ T p M which will play a role in the rest of the paper.
A result, often mentioned but rarely proved in relativity txtbooks 1 , establishes that: 
(See the Appendix for a proof). In the following, for a C 2 manifold M equipped with a C 2 metric g, the symbol ∇ denotes the Levi-Civita connection, i.e., the unique torsionfree, g-metrical (i.e., ∇g = 0), affine connection. The curvature tensor, in this case, is called Riemann (curvature) tensor of g.
LOCAL FLATNESS AND GEODESIC DEVIATION
A spacetime (M, g) is a smooth (i.e., C ∞ ) four-dimensional manifold M, equipped with a smooth metric g with Lorentzian signature (−, +, +, +). We state our definition of locally flat spacetime. As a second step, let us review the notion of geodesic deviation (2, 5) starting with a definition. 
Definition 2.2. Consider, in the spacetime (M, g), a pair ({γ s } s ∈ I , J), such that I, J ⊂ R are open nonempty intervals, for every fixed s ∈ I, J : t → γ s (t) is a geodesic, t being a (common) affine parameter, and the map I
Such a pair ({γ s } s ∈ I , J) will be called a smooth congruence of geodesics.
The constraint (4) assures that, as is physically expected, one can adapt a coordinate system to the smooth class of geodesics, at least locally, such that two coordinates just coincide with t and s. For nonnull geodesics, t can be chosen as the proper length parameter for spacelike geodesics, or the proper time for timelike geodesics. At least when S is spacelike, ∇ T S defines the relative speed, referred to the parameter t, between infinitesimally close geodesics (say γ s and γ s + δs ). Similarly, ∇ T (∇ T S) defines the relative acceleration, referred to the parameter t, between infinitesimally close geodesics. Starting form ∇ T (∇ T S), employing the definition (1), applying (4), and taking the geodesic equation ∇ T T = 0 into account, one finds the geodesic deviation equation:
Let us restrict, from now on, to smooth congruences of causal geodesics with spacelike vectors S, since they have a dynamical interpretation, describing the stories of of free falling bodies, ∇ T (∇ T S) being the relative acceleration. The presence of tidal forces on free falling bodies, represented by the left-hand side of (5), cannot be canceled by means of a suitable choice of the reference frame, but it is a property of the geometry of the spacetime. Thus, the presence of geodesic deviation for a smooth congruences of causal geodesics with spacelike S can be used to give a sensible, relativistic, definition of gravitation, which is not affected by the equivalence principle. In locally flat spacetimes, where R = 0, there is no geodesic deviation -so that gravitation disappears. It is interesting to study if the absence of geodesic deviation for causal geodesics -i.e., the absence of gravitation -implies the local flatness of the spacetime. It is important to remark that the full information about the curvature may be obtained from the equation of geodesic deviation (5) 
Proof. In view of Lemma 2.1 and of Equation (5), (a) implies both (b) and (c). Let us demonstrate that (b) implies (a). The idea is to prove, making use of (b), (2) and (3), that for each point
This is equivalent to say that the Riemann tensor vanishes everywhere on M. At this point, Lemma 2.1 implies (a). Let us proceed step-by-step along this way. Fix p ∈ M and assume that (b) is valid. The following lemma holds, whose proof stays in the Appendix. 
Lemma 2.2. If (M, g) is a spacetime, p ∈ M, let T p ∈ T p M
which is valid for every S p , U p , V p ∈ T p M. Identity (3) can be specialized here as:
Summing side-by-side (6) and (7), taking Equation (2) 
where we employed Equation (6) (with different names of the vectors). Using Equation (2) again, we can restate the obtained result as: 
In view of the lemma and of Equation (5), one has that, for
as in the hypotheses of the lemma. Consequently, if T p and S p , respectively timelike and spacelike, satisfies g(T p , T p ) = −g(S p , S p ), it holds:
where we have used Equation (2), and also
R(S, T)T
Summing the two expressions found for R(S, T)T we have that, using Equation (2) again:
We have found that R p (S p , T p )T p = 0 for all T p , S p ∈ T p M, respectively timelike and spacelike, with g(T p , S p ) = 0 (the requirement g(T p , T p ) = −g p (S p , S p ) may be dropped in view of multi-linearity of R p ). Henceforth the proof goes on as in the proof of (b) ⇒ (a) given above.
SUMMARY
We have rigorously analyzed the popular statement "absence of gravitation ⇔ local flatness of the spacetime," using a notion of gravitation based on the presence of geodesic deviation, measured along congruences of causal geodesics representing the stories of free falling bodies. Spacelike geodesics have not been considered since on a hand they have not dynamical meaning, on the other hand, they are not suitable for direct experimentation in general spacetimes. We have found that, in view of Theorem 2.1 the popular statement holds true. That theorem is interesting also disregarding the definition of relativistic gravitation we have adopted. Indeed it relates, through an if and only if clause, the curvature of a spacetime with purely dynamical properties of free falling bodies which, ideally, may be measured experimentally.
APPENDIX PROOF OF SOME STATEMENTS
Proof of Theorem2.1. If the connection coefficients vanish in the local chart (U i , ψ i ), the curvature tensor vanishes therein as well. As {U i , ψ i } i ∈ I is an atlas of M, the curvature tensor vanishes everywhere on M. The converse property is much less trivial to establish. We will exploit the well-known (4): Frobenius Theorem for first order PDE. Consider the Cauchy problem for the field X : → R n , 
[The conditions (9) are obtained using Schwartz commuting second-order partial derivatives theorem for X and taking (8) into account.] Now consider a C 2 manifold M equipped with a C 1 torsionfree connection ∇. Fix a point p ∈ M and coordinate patch ( , ψ) about p, denoting by x ≡ (x 1 , . . . , x n ) ∈ R the values attained by ψ : → R n . From now on, with some obvious misuse of notation, we identify with the corresponding open set in R n in order to exploit Frobenius' theorem. We consider the Cauchy problem in × R n 2 for the composite vector field X ≡ (X (1) , . . . , X (n) ), given by
where {V a } a = 1,...,n is a base of T p M ≡ T p R n ≡ R n . Making explicit the covariant derivatives ∇ in the left-hand side in terms of standard coordinate derivatives and connection coefficients (they are C 1 functions in our hypotheses), the system of equations takes the form (8) for the composite vector field X. Then, using the expression of the curvature tensor in coordinates, and reminding that the connection is torsionfree, one straightforwardly finds that the condition (9) is valid if the curvature tensor vanishes on . Therefore the vector fields X (a) exist in a neighborhood U of p. These fields are obtained by parellely transporting the basis of fields V (a) along any curve connecting p and q. Therefore they individuate a basis of T q M at each q ∈ U . Finally, we notice that, in a neighborhood U ⊂ U of p, there is a coordinate system φ with coordinates y 1 , . . . , y n such that ∂ ∂y a says that in the coordinate patch (U, φ) the connection coefficients of ∇ vanish. Varying p ∈ M, the associated charts (U, φ) define the wanted atlas.
